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1 Introduction

1.1 A Brief Introduction

Here we should have demonstrated the solution to problems in Chapter
One in Machine Learning, A Probabilistic Perspective(MLAPP). Since the
number of problem in Chapter is zero, we save this section as an introduction
to this document, i.e.a solution manual.

This document provides detailed solution to almost all problems of
textbook MLAPP from Chapter One to Chapter Fourteen(Chinese version)
/ Twenty-one(English version). We generally save the restatement of prob-
lems for readers themselves.

There are two class for problems in MLAPP: theortical inference and
pratical projects. We provide solution to most inference problems apart
from those which are nothing but straightforward algebra(and few which
we failed to solve). Practical problems, which base on a Matlab toolbox,

are beyond the scope of this document.

1.2 On Machine Learning: A Probabilistic Perspective

Booming studies and literatures have made the boundary of "machine
learning” vague.

On one hand, the rapid development of AI technology has kept the
society shocked, which also results in sharply increase in number of students
who would try to take related courses in colleges. On the other hand,
some scholars are still uncertain in learning-related theories, especially deep
learning.

The extraordinary achievements of machine learning in recent days of-
ten make one forget that this discipline has undergone a long evolution and
whose establishment dates back at least to the studies of ”electronic brains”
in the 1940s. Be that as it may, machine learning has not been defined as
a ”closed” theory. Even in the some community of researchers, machine
learning are crowned metaphysics or alchemistry. Personally, I believe tha
being called metaphysics is a common experience shared by many branches

of theory which are undergoing the most rapid development.
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To be a completed theory, machine learning is still looking for a way
to conclude itself in a closed system. The most successful attempt so far
has been the one based on probability. As commented by David Blei from
Princton on the back of MLAPP: ”In Machine Learning, the language of
probability and statistics reveals important connections between seemingly
disparate algorithms and strategies. Thus, its readers will become articulate
in a holistic view of the state-of-art and poised to build the next generation
of machine learning algorithms.”

The crucial idea in MLAPP is: machine learning is tantamount to
Bayesian Statistics, which draws connections between numerous ”indepe-
dent” algorithms. But the history of Bayesian statistics(which can be traced
back to days of Laplace) outlengths the one of machinea learning a lot.
MLAPP is not noval in holding such an idea. C.M.Bishop’s Pattern Recog-
nition and Machine Learning is another typical example. Both of them are
considered as classical textbooks in elementary machine learning.

In general, MLAPP reduces the difficulty of the entire book at the
expense of partially deduced completeness(for the first seven chapters). It
covers a wider range of models and is suitable for those with background
in mathemathcal tools. The chapters that concerning classical probabilistic
models (e.g, chapter 2, 3, 4, 5, 7, 8, 11, 12) is comparable to PRML. But
due to the reordering and more details, they worth a read for one who have
finished reading PRML.

1.3 Constitutions of this Document

The motivation for writing this document is that I need to read text-
book MLAPP after selecting machine learning course, but I failed to find
any free compiled solution manuals. Although several Github projects have
started working on it, the velocity has been too slow. Also I want to focus
more on the theoretical part of the text rather than the implementation
code.

Hence I began working on this document. It is completed(first version,
Chapter One to Chapter Fourteen) within the first two weeks before the

official semester. Bacase of the hurry process, it is suggested that readers
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should read from a critical perspective and not hesitate to believe in ev-
erything I have written down. In the end, I hope that readers can provide
comments and revise opinions. Apart from correcting the wrong answers,
those who good at using MATLAB, Latex typesetting or those who are will-
ing to participate in the improvement of the document are always welcome

to contact me.

22/10/2017

Fangqi Li

Munich, Germany
solour_lfq@sjtu.edu.cn

ge72bug@tum.de


solour_lfq@sjtu.edu.cn
ge72bug@tum.de

1 INTRODUCTION

1.4 Updating log

22/10/2017(First Chinese compilation)
02/03/2018(English compilation)

06,/03,/2018(
(

24/03/2018(First Revision)

Begin Revising)

11
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2 Probability

2.1 Probability are sensitive to the form of the question

that was used to generate the answer

Denote two children by A and B.

We use the following denotations:
E; : A is aboy,B is a girl
E5 : Bis a boy, A is a girl
FEs5: A is a boy, B is a boy

In question a:

P(B,) = P(Es) = P(By) =
P(Ey) + P(Es) 2

P(one girl = "3
(one girljone boy) P(E,) + P(E;)+ P(Es) 3

For question b,w.l.o.g, assume child A is observed:

1
P(B is a girl|A is a boy) = 5

2.2 Legal reasoning

Let E; denote the event ”the defendant commited the crime” and Ey

denotes ”"the defendant has special blood type” respectively. Thus:
p(Er, Ey)  p(Eq|Ey)p(Er)

FE{|E5) = =
PlBnlBR) ==y p(E)
R 1
_ = 800000 _
1
8000 100

2.3 Variance of a sum
By straightforward calculation:
var[X + Y] =E[(X +Y)? - E*[X + Y]
=E[X?] — E*[X] + E[Y?] — E?[Y] + 2E[XY] — 2E?[XY]
=var[X] + var[Y] + 2cov[X, Y]
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2.4 Bayes rule for medical diagnosis

We use E;, Ej, and E, denotes whether one is ill or health, and one has

been detected as positive. Applying Bayes’s rules:

P(E;)P(Ep|E;)
P(E;)P(Ep|E;) + P(En)P(Ep|Ep)
=0.0098

P(EE,) =

2.5 The Monty Hall problem(The dilemma of three doors)

The answer is b. We use E, ; denotes the event that something happens
to the ith box, a can be p(prize is in ith box), ¢(the gamer pick ith box),
o(the host opens ith box). We assumes the participant choose the first box
and the host reveals the third one. Applying Bayes’s rules:
P(Ec,l)P(Ep7l)P(Ec,3|Ep,lvEc,l)

P(Ec1)P(Eos3|Ee)
:P(EP’I)P(E&IS'EP’I’Ec’l)

P(Ep,l |Ec,17 E0,3) -

P(Eo,SlEC,l)
1 1
_ 33 _1
1 1 1 1
3'3t3:0+5-1 3

In the last step we summarize over the potential location of the prize.
We conclude that it is always better to switch to another box after the host

revealing one.

2.6 Conditional Independence

In question a, we have:

p(H)p(ei, es| H)

Hleq,er) =
piHler,e2) pler,e2)

Thus the answer is (ii).
For question b, we have further decomposition:

p(H)p(es|H)p(ez|H)
p(el? 62>

p(Hley, ex) =
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So both (i) and (ii) are sufficient obviously. Since:
pler, e2) ZP e1, ez, H
_ZP p(ei|H)p(ez| H)

(iii) is sufficint as well since we can calculate p(eq, e2) independently.

2.7 Pairwise independence does not imply mutual inde-

pendence

Let’s assmue three boolean variables x1, z2,x3. 1 and x5 have values

of 0 or 1 with equal possibility independently:

p(z1,22) = p(21)p(72)

And z3 = XOR(z1,x2). Now we have:

plws = 1) = Y plar, z2)p(xs = 1]z, x2)

1 1 1
- - 2142
4 0+4 0+4 +4
_1
2
Also
p(rs =1,y = 1) :Z p(zs = 1,21 = 1|x9)

Z p(z1 = 1)p(zs = 1z = 1,22)

=1 =plzz=1)-px;1 =1)

Thus z3 is pairwise independent w.r.t x; and x5. But given z; and xo,

x3 is uniquely determined and mutual independence failes.
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2.8 Conditional independence iff joint factorizes

We prove 2.129 is equal to 2.130.
Firstly, by denoting:
9(x,z) = p(z]2)

h(y, z) = p(ylz)
We have the first half of proof.

Secondly we have:
p(zlz) = Zp(l’,yIZ)
= ZJ:Q(:E, z)h(y, 2)
zg(yw, 2y h(y, z)
p(ylz) =h(y, 2) ig(wv )

And:
1 Z;p(x,yIZ)
—(i::g(x, 2)Q_h(y,2)
Thus: y

p(x2)p(y|z) =g(x, 2)h(y, ) D _ g(x,2)) D _ My, 2))
=g(z, 2)h(y, 2)

:p(x, y|2)

2.9 Conditional independence

From a graphic view, both arguments are correct. But from a general

view, both of them do not have a decomposition form, thus false.
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2.10 Deriving the inverse gamma density

According to:
dx
p(y) = P($)|@

We easily have:

IG(y) =Ga(z) -y~*
e 1 b
_ Z\(a=1)+2 -
I'(a) (y) ‘
b b
= —(a+l) =3

2.11 Normalization constant for a 1D Gaussian

This proof should be found around any textbook about multivariable

calculus.Omitted here.

2.12 Expressing mutual information in terms of entropies

Zpa:ylog p(z
p(z)p
|

=3 " p(z,y) logp(zly) — > p(x,y)) log p()

z,Y z Y

=—HX|Y)+ H(X)

Y
()
)

Inversing X and Y yields to another formula.
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2.13 Mutual information for correlated normals

We have:

I(X1§X2) :H(Xl) - H(X1|X2)
:H(Xl) + H(XQ) - H(Xl,XQ)
1 1 1
=3 log 2o + 3 log 2o + 3 log(2m)%o*(1 — p?)
1
=73 log(1 — p?)

(refer to Elements of Information Theory ,Example 8.5.1)

We also give the derivation of Gaussian’s entropy here:

h=— /p(x) In p(x)dx

——/p(x){—Zanﬂ'— %ln\m - ;(X—M)TE_l(x—p)}dx
n 1 1 Ta—1
:§ln27r—|—§ln|2|+§ p(x)(x — pu) X7 (x — p)dx

n 1 1 _

=3 In 27 + 5 In|X| + iEp[Z(l"i — 1) B35 (x5 — )]
.7

n 1 1 _1

=2+ oI [S]+ o SB[ - ) — )5
,J

n 1 1 —1

=5 m2m+ oS+ 5 ZJ: IM) oy

n 1 1 _

1
:gln2w+§ln|2|+g

1
=3 In(2me)" |3

The trick here is to use the defintion of covariance and the trace mark.
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2.14 A measure of correlation

In question a:
HY|X) H(X)-H(YI|X)
HX) —  HX)
H(Y)-H(Y|X)
T HX)
I(X;Y)
H(X)
We have 0 < r < 1 in question b for I(X;Y) > 0 and H(X|Y) <
H(X)(properties of entropy).
r =0 iff X and Y are independent.

r=1-—

r =1 iff X is determined(not necassary equal) by Y.

2.15 MLE minimizes KL divergence to the empirical dis-

tribution

Expand the KL divergence:

6 = arg min {KL(peuy|[4(6)) }

. Pemp
—argmin< E lo
enjn {5,.,,log 2701}

Zargmein{H(pcmp) - /pCmp(X) log ¢(x; 9)dX}

%argmein{—H(pemp)— Z (1OgQ(X§9))}

x€Edataset

:argm(?x{ Z logq(x;@)}

x€Edataset
We end up in MLE. We use the weak form of the law of large numbers
in the fourth step and drop the entropy of empirical distribution in the last
step.

2.16 Mean, mode, variance for the beta distribution

Firstly, derive the mode for beta distribution by differentiating the pdf:

%x“(l —) =1 -2)(a—1) = (b—1)z]z*2(1 —z)"2
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Setting this to zero yields:

mode = —2— 1
a+b—2
Secondly, derive the moment in beta distribution:
atN-1( b—1
E[zV] Blab) / — )" dx
(a+ N,b
B (mm

_TI'(a+ N)['(b) T'(a+b)
~T'(a+ N +b) L(a)l'(b)

Setting N =1, 2:
a
E =
=] a+b

1
E[.’E2] — a(a + )
(a+b)a+b+1)
Where we have used the property of Gamma function. Straightforward

algebra gives:
a

a+b
ab
(a+b)?(a+b+1)

mean = E[z] =

variance = E[z?] — E2[z] =

2.17 Expected value of the minimum
Let m denote the location of the left most point, we have:

p(m > x) =p([X > z]and[Y > z])
=p(X > z)p(Y > x)
=(1- £U)2

Therefore:

E[m] :/1: -p(m = x)dx
—/p(m > x)dz

:/01(1 —x)%dw



3 GENERATIVE MODELS FOR DISCRETE DATA

3 Generative models for discrete data

3.1 MLE for the Beroulli/binomial model

Likelihood:
p(D]0) = 6™ (1 — )™

Log-Likelihood:
Inp(D|#) = N1 In6 + NyIn(1 — 6)

Setting the derivative to zero:

0 Ny Ny
“ -+ _ -9 _
gg mP(PI0) = "= = =5 =0

This ends in 3.22:
0— N, M
N+ N, N

3.2 Marginal likelihood for the Beta-Bernoulli model

Likelihood:
p(D[0) = oM (1 — )N

Prior distribution:
p(0la,b) = Beta(f|a,b) = 671 (1 — 9)*!
Posterior distribution:
p(0|D) oxxp(D|0) - p(6]a, b)
—gNita=1(] _ g)No+b-1
=Beta(0| N1 + a, Ny + b)
Predictive distribution:

P(nes = 1|D) = / P(new = 10) - p(6] D)0

:/ep(eu))da
N1 +a

() N1+(I+N0+b

20
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Calcualte p(D) where D =1,0,0,1, 1:

p(D) =p(x1)p(x2|21)p(2s]2e, 21)..p(XN|2N_1, XN_2, ... X1)
o a b b+2 a-+1 a-+2
“a+ba+b+la+b+2a+b+3a+b+4

Denote a« = a + b,a1 = a,a9 = b, we have 3.83. To derive 3.80, we
make use of:
(041 +N1 - 1)' - F(Oél +N1)
(Oél — 1)' P(Oél)

[(o1)..(n + Ny —1)] =

3.3 Posterior predictive for Beta-Binomial model

Straightforward algebra:

B(a) + 1, a)

B(af, o)
_ Tlag+ay) Tlef+1)
CT(a)y+a)+1) T(a))
__ o
S ol +al

Bb(af, ap, 1) =

3.4 Beta updating from censored likelihood
The derivation is straightforward:
p(0, X < 3) =p(9)p(X < 30)

=p(0)(p(X = 1]6) + p(X = 2/6))
=Beta(0|1, 1)(Bin(1|5, ) + Bin(2]5, 6))

3.5 Uninformative prior for log-odds ratio

Since: )
=1
¢=log—
By using change of variables formula:
do 1

Hence:
p(6) = Beta(6]0,0)
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3.6 MLE for the Poisson distribution

Likelihood (we use Poi in condition to represent the fact that we have

knowledge about the form of the distribution):

N
N 1
p(D[Poi, \) = ] Poi(zn|A) = exp(—AN) - AZn=r . TR
n=1 n=1<n-

Setting the derivative of Log-Likelihood to zero:

N
%p(D|Poi, A) = exp(—AN) - A==L. {—NA + an} =0
n=1
Thus: N
/\ — Zn:l Tn
N

3.7 Bayesian analysis of the Poisson distribution
We have:

P(A[D) ocp(A)p(D|A)
x exp(—=A(N + b)) - An=1 #nta—l
:Gamma(a + Z x’ N + b)

This prior distribution equals introduing b prior observations with mean

e

3.8 MLE for the uniform distrbution

The likelihood goes to zero if ¢ < max(z,), so we must have a >

max(z, ), likelihood lookes like:

N
p(Dl) = [ 5
n=1

Which has a negative correlation with a, so:

n

a=max{z;},_,

n

This model assign p(z,4+1) = 0 if 2,41 > max{z;},_,, which cause

discontinuity in predictive distribution, and is not an adorable feature.
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3.9 Bayesian analysis of the uniform distribution
The conjugate prior for uniform distribution if Pareto distribution:

p(0) = Pareto(0|K,b) = Kb~ E+D[g > p]

n

Let m = max {z;},_,, the joint distribution is:

p(0, D) = p(0)p(D|0) = Kb g~ 5HVHD[0 > b]6 > m]

The marginal likelihood /evidence is:

KbE
(N 4+ K)max(m, b)N+K

p(D) = / p(D.6)d6 =

Let ;1 = max {m,b}, the posterior distribution is again the form of a
Parato distribution:

p(0,D) (N + K)uNtE[g >
p(0|D) = ;E)(D)> _ ! QZVM+K+1[ / = Pareto(0|N + K, u)

3.10 Taxicab problem

For question a, we have D = {100}, m = max{D} = 100, N = 1.
Using a prior K = 0, b = 0, we have the posterior:

Pareto(6]1,100)

A for question b, with posterior mode given by (k = 1, thus mean

and variance does not exist):
mode = 100
To calculate the median:
median 1
/ kmFe=FHDdy = =
m 2
Plug in figures and using the fact [z 2dz = —z~' + C, solve for
median = 200

In question c, we already had (from exercise 3.9) the predictive
distribution, in this case « = (b = 0,K = 0), 8 = (c = m,N + K = 1).

Plug them into the form of evidence:
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In case when = > m(the number of new taxi is larger than the one we
saw):

m
p(z|D,a) = 222

If x < m:

m 1
p(z|D,a) = 9mZ — 2m

We plug in m = 100 into the equations above to solve for question d:

(2 = 50|m = 100) = —
xTr = m = = —
P 200
( = 100[m = 100) = —
Tr = m = = —_—
p 200
1
p(x = 150/m = 100) 150

(Do please reason on this result!)

We omit question e as an open quesion.

3.11 Bayesian analysis of the exponential distribution

Log-Likelihood for an exponential distribution is:

N
Inp(D|f) = NInb -0 x,

n=1
The derivative is:
d N
— Inp(D|f) = — — "
5g np(Dl0) = 4 ;93
Thus in question a:
0 N
ML = v
Zn:l Ln

We skip other questions and state that the conjugate prior for expo-

nential distribution is Gamma distribution:

p(0]1D) oxp(6)p(D]0)
=Gamma(f|a, b)p(D|0)
=Gamma(f|N + a,b+ Z Zy)

A Gamma prior introduces a — 1 prior observation with the sum b.
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3.12 MAP estimation for the Bernoulli with non-conjugate
priors

In question a, we have:

1 1+N1+No

p(0 = 0.5|D) o p(f = 0.5)p(D|0 = 0.5) =

11 2N1 3N0
p(0 =0.4|D) xx p(6 = 0.4)p(D|f = 0.4) =

2 5 5
If the MAP estimation is # = 0.5, i.e:
p(6 = 0.5|D) 5 5
In———~= =N;In-+Nyln=- >0
pO0=04D) gt
Then this must be held:
Ny
— > 0.817
No

Else MAP estimation gives 6 = 0.4.

For question b, in case N is small, prior in question a is able to yield
a fairly good estimation (the prior is not conjugate yet close to truth). But
as N grows, it can only getting close to 0.4, while Beta-prior tends to yield

the true parameter with less error.

3.13 Posterior predictive distribution for a batch of data
with the dirichlet-multinomial model
Since we already have 3.51:

aj + Nj

X =j|D =
p( J| ,Oé) QO+N

We can easily derive:
p(DID,a) =[] p(z|D; a)
i
C o
H o + NP e
e Qg + Nold
3.14 Posterior predictive for Dirichlet-multinomial

Solutions to this exercise can be obtained from conclusions drawn from

exercise 3.13.
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3.15 Setting the hyper-parameters I

We already have:

(651

a1 + (6]
Q10

(a1 + a2)?(o +ap + 1)

mean —

var =

Using notation A = a; and B = oy + as, we have:

Cancell A:
B m(1l—m)
v

A=mB

For given figures, we calculate:

B =130

A=091
Hence:

a; =91

ag = 39

3.16 Setting the beta hyper-parameters 11

26

For paremeters of a Beta distribution oy and «as are connected through:

Qg = a1(% - 1) = f(al)

Calculate this intergral:

w 1
- p(] — floa)
/l Ty (=0 = ulan)

flaw))

Setting this intergral u(a;) — 0.95 by altering «; through numerical

method will do.
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3.17 Marginal likelihood for beta-binomial under uniform

prior

The marginal likelihood is given by:
pIN) = [ ooy = [ (v Wp(o)as
We already have:
p(N1]6, N) = Bin(Ny|6, N)

p(f) = Beta(1,1)

Thus:

p(N1|N) :/01 (]]\\;1>9N1(1 —0)N"N1dg

N
:< >B(N1+1,N—N1+1)
Ny

N NiI(N = Ny)!
TNJI(N-N)! (N A+1)!
!

TN+1

Where B is the regulizer for a Beta distribution:

_ L(a)I'(b)
Ba,b) = I'(a+10)
3.18 Bayes factor for coin tossing*

Straightforward calculation.

3.19 Irrelevant features with naive Bayes
Log-Likelihood is given by:

9011)
1- ecw

w
+ ) " log(1 = Oew)

w=1

w
log p(x;lc,0) = > @i, log

w=1

In a succint way:

log p(x;lc, 0) = ¢(Xi)Tﬁc
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Where:
¢(Xz) = (Xu 1)T
w
.= (1 Y log(l = 60.,)"
Be = (log 74—, 2;; 0g(1 = few))
For question a:
log plc = 1]x;) ~log plc=1)p(xilc =1)
p(c=2|x;) p(c=2)p(xilc = 2)
p(xilc=1)
=log
p(xile=1)

Thus:

log p(c |x;)

plc = 2[x;) +¢(xi)" (b1 — B2)

::bgﬂczl)
plc

(c=2)

A word w will not affect this posterior measure as long as:

xiw(ﬁl,w - /82,11)) =0

Hence:
aczl,w = 0c:2,w
So the chance that word w appears in both class of documents are

equal.

In question ¢, we have:

A 1
bro=1-

b 2+ N
A 1
By =1—

. 2+ N,

They do not equal when N7 # N, so the bias effect remains. However,

this effect reduces when N grows large.
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3.20 Class conditional densities for binary data

In question a, we have:

D
p(xly=c) = Hp(xzky = C, Ty ey Tio1)

i=1

The number of parameter is:
C-) 2=C-(2°" —2)=0(C-2")

For question b and question c, we generally think that naive mod-
els fit better when N is large, because delicate models have problems of
overfitting.

In question d, question e and question f, it is assumed that looking
up for a value according to a D-dimensional index cost O(D) time. It is easy
to calculate the fitting complexity: O(N D) for a naive model and O(N -27)
for a full model, and the applying complexity is O(C'D) and O(C - 2P)
respectively.

For question f:

p(ylx,) o< p(culy) = Y (%o, Xnly)

Xh

Thus the complexity is multiplied by an extra const 2/*»I.

3.21 Mutual information for naive Bayes classifiers with

binary features

By definition:

I(X:Y) =" plajy) mm

For binary features, consider the value of x; to be zero and one, given
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T =p(y = ¢),0jc = p(z; = 1ly = ¢),0; = p(x; = 1):

I =Y plaz;=1,c) logm

p(z; =0,¢)

+zc:p(;vj =0,c¢) logm

0, 1-06,
:Zmﬂjclogﬁ +(1—0;.)7.log . HJ
c J

J

Which ends in 3.76.

3.22 Fitting a naive Bayesian spam filter by hand*

Straightforward calculation.
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4 Gaussian models
4.1 Uncorrelated does not imply independent
We first calculate the covariance of X and Y:
mwXJj://kY—MXMY—EwwmemXﬂf
= lxuﬂ—if

1 V3

The intergral ends in zero since we are intergrating an odd function in

)dX =0

range [-1,1], hence:

cov(X,Y)

X,Y) = _
L ) var(X)var(Y')

4.2 Uncorrelated and Gaussian does not imply indepen-

dent unless jointly Gaussian

The pdf for Y is:
p(Y=a)=05-p(X =a)+05-p(X =—a) =p(X =a)

The pdf of X is symetric with 0 as the core, so Y subject to a normal
distribution (0, 1).

For question b, we have:
cov(X,Y) =E(XY) - E(X)—-E()
=Ew (E(XY|W)) -0
=0.5-E(X?) + 0.5 -E(-X?) =0

4.3 Correlation coefficient is between -1 and 1

The statement:

Equals:
(XY <1
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Hence we are to prove:
lcov(X,Y)|* < var(X) - var(Y)

Which can be drawn straightforwardly from Cauchy—Schwarz inequal-
ity in R2.

4.4 Correlation coefficient for linearly related variables is
1or-1

When Y = aX + b:

Therefore:

cov(X,Y) =E(XY) — E(X)E(Y)
=aE(X?) + bE(X) — aE*(X) — bE(X)
=a - var(X)

We also have:
var(X)var(Y) = a? - var(X)

These two make:

a
p(X, Y) = m

4.5 Normalization constant for a multidimensional Gaus-
sian

Applying SVD on the precision matrix X! = QTAQ, using the fact
that @ is orthonomal (|Q| = 1) and we can set ;4 = 0 w.l.o.g. Hence the

integral:

expd L (@00 bagx = [expd 23 (@n2n bdox
ferl-s paox=feo i

i=1
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Can be factorized into independent components, with each component
a zero-mean one-dimensional Gaussian. Thus the normalization constant is

given by the product of all the independent normalization constants.
2 d 1
— = (2m)z 2]z
[1y5 = Cenis)

4.6 Bivariate Gaussian

This can be solved through straightforward algebra.

4.7 Conditioning a bivariate Gaussian

Reasoning on Gaussian distribution mostly bases on a standard pro-
cedure named ”completing the square”. Which has been demonstrated
throughly in PRML Chapter 2, and the solution to this exercise can be

obtained by plugging figures into formula derived in those sections directly.

4.8 Whitening vs standardizing*

Practical by yourself.

4.9 Sensor fusion with known variances in 1d

Denate the two observed datasets by YV and Y®), with size Ny, Na,
the likelihood is:

p(Y D, YP|p) = H p(Y,\)|w) H p(YV,2 |

ni=1 no=1

oceXp{A-,uQ—f—B‘u}

Where we have used:

AN N2
2’1)1 2’1)2
1 & 1 &
B=_— vy 4 — v (2)
o 2 D
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Differentiate the likelihood and set it to zero, we have:

__B
HML = oA

The conjugate prior of this model must have form proporitional to
exp{A - p?+ B - u}, namely a normal distribution:
p(ula,b) < exp {a - p* +b-pu}
The posterior distribution is:
p(uY) ocexp {(A+a) - p? + (B+0) - p}

Hence we have the MAP estimation:

___B+Hb
HMAP = 2(A + a)

It is noticable that the MAP converges to ML estimation when obser-

vation times grow:

UMAP — HML

The posterior distribution is another normal distribution, with:

o2 = —71
MAP = 7904 1 a)

4.10 Derivation of information form formulae for marginal-

izing and conditioning

Please refer to PRML chapter 2.

4.11 Derivation of the NIW posterior

The likelihood for a MVN is given by:

P(X1, %) = (2m)” F[5] ¥ exp {—; S — )8 (i - u)}

n=1
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According to 4.195:

Y i—p'E! (%= pt (3 = %) S7H(E =+ (x5 — %))

=N(x— )8 (x—p) + Z —%)"S 7 (x; — %)

=N —p)"S (% — p) + tr {zl > (xi = %) (x; — i)T}

n=1

=N(x— )" (% — p) + tr {578}

The conjugate prior for MVN’s parameters (u, ) is Normal-inverse-
Wishart(NIW) distribution, defined by:

1
NIW(% E‘m(h ko, vo, So) = N(Mmm k—E) 'IW(E\SOWO)
0

1 _ wg+D+2 k _ 1 _
= I e {0 )T () - (2080}
Hence the posterior:

vx +D+2

k 1
P ZI%0 o [ exp { =25 ) P4 ) = g1 {578}

Where we have:

kx=k0+N

UX:U0+N
N)_("‘komo
T T

By comparing the exponential for |X|,uT>X" 1y and u™.
Making use of ATS™'A = tr {ATS 1A} = tr {£ "' AAT} and compar-

ing the constant term inside the exponential function:
Nxx" + Sx + kgmom; + Sy = kxmxmy + Sx
Hence
Sx = Nxx' + Sx + komomg + S — kxmxm)T(
Use the definition for mean we ends in 4.214 since:
N
S = inx;r =Sx + Nxx'

n=1

Hence the posterior distribution for MVN takes the form:NIW(mx, kx, vx, Sx)
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4.12 BIC for Gaussians

Straightforward calculation.

4.13 Gaussian posterior credible interval
Assume a prior distribution for an 1d normal distribution:
p(p) = N(plpo, o5 = 9)
And the observed variable subjects to:
p(z) = N(z|p, 0 = 4)

Having observed n variables, it is vital that the probability mass of u’s
posterior distribution is no less than 0.95 in an interval no longer than 1.

Posterior for p is:

p(u|D) o p(u)p(D|p) =N (plpo, 03) [ [ N (wnlp, o)

i=1

1 - 1
X exp {—M(ﬂ - MO)Q} HGXP {_M(xi - M)Q}
i=1

1 n

Hence the posterior variance is given by:

2 ‘78 o’
0- = e
POst ™ 52 4 no?

Since 0.95 of probability mass for a normal distribution lies within

—1.960 and 1.960, we have:
n > 611

4.14 MAP estimation for 1d Gaussians

Assume the variance for this distribution o2 is known, the mean pu

subject to a normal distribution with mean m and variance s?, similiar to

the question before, the posterior takes the form:

p(p]X) o< p(p)p(X|p)
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The posterior is another normal distribution, by comparing the coeffi-

cient for p?:

And that for u:

We have the posterior mean and variance by the technique ” completing
the square”:
9 s?0?

Ooost — 5 7 5
post O'2+N82

N
Zn:1 Ln .

0,2 ) gost

m
Hpost = (? +
Already we knew the MLE is:

N
ZnZI Li

HUML = N

When N increases, fipost converges to i,

Consider the variance s?>. When it increases, the MAP goes to MLE,
when in decreases, ,the MAP goes to prior mean. Prior variance quantify
our confidence in the prior guess. Intuitively, the larger the prior variance,

the less we trust the prior mean.

4.15 Sequential(recursive) updating of covariance matrix

Making use of:
nmy + Xn+1

n+1
What left is straightforward algebra.

mn+1 =

4.16 Likelihood ratio for Gaussians

Consider a classifier for two classes, the generative distribution for them

are two normal distributionsp(z|y = C;) = N(x|us, 2;), by Bayes formula:

ply=1]z) o p(zly =1) o ply=1)
log ply=0lz)  Cpaly=0) " Cply=0)

The second term is the ratio of likelihood probability.
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When we have arbitrary covariance matrix:

pzly =1) _ |X0]
p(zly = 0) |21

e {3 =) B = ) + 3~ )55 o - )

This can not be reduced further. However, it is noticable that the
decision boundary is a quardric curve in D-dimension space.

When both covariance matrixes are given by X:

zéi:z;é; = exp {szl(,ul — ,UfO) — %tr {Eil(ﬂlﬂrlr . ‘uoug)}}

The decision boundary becomes a plate.
If we assume the covariance matrix to be a diagnoal matrix, the closed
form of answer have a similiar look, with some matrix multiplation changed

into inner product or arthimatic multiplation.

4.17 LDA/QDA on height/weight data*

Practise by youself.

4.18 Naive Bayes with mixed features

We now have:

p(y=1)=05
p(y =2) =0.25
p(y = 3) =0.25

For question a:

p(y = 1)p(xz1 =0y = 1)p(z, =0y = 1)
zimw=wmm=owzw<m:my=w
0.5-0.5- exp{ 2}

ply=1lx; =0,2, =0) =

T05-05- L exp{—1} +025-05- —exp{0} +0.25-05-

=0.43
Consequently:

p(y =2lz1 = 0,22 =0) = 0.35

Fmexp{—3
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p(y = 3lz; = 0,20 = 0) = 0.22

For question b, we know the component x; provides no information
w.r.t y, hence p(y|x1) reduces to the prior of y, i.e. (0.5,0.25,0.25).

For question c, the answer is tantamount to that to quesition a.
Because in question a, we have cancelling the dependence on component

xIy.

4.19 Decision boundary for LDA with semi tied covari-
ances
Omitting the shared parameters ends in:

ply = Dp(x|y = 1)
y = 0)p(x|y =0) + p(y = p(x|y = 1)

Consider a uniform prior, this can be reduced to:

p@ZH@ZP(

p(x|y =1)
p(x|ly = 0) + p(x|ly = 1)

1

k% exp {—3(x — 110) TS0 " (x — po) + 3 (x — pa) T8 (x — )} + 1
1
k% exp {11 - %)XTE(;lX—}—XTu—l— ch+1

Where we have used:
1Z1] = [kZo| = kP ||

The decision boundary is still a quardric curve. It reduces to a plate
when & = 1. When £k increases, the decision boundary becomes a curve that
surrenders po. When k goes to infinity, the decision boundary degenerates
to a y = 0 curve, which implies that every space out of it belongs to a

normal distribution with infinite variance.

4.20 Logistic regression vs LDA/QDA

We give a qualitative answer according to the argument ”overfitting
arises from MLE, and is in a positive correlation with the complexity of the

model(namely the number of independent parameters in the model)”.
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Gaussl assumes a covariance matrix propoetional to identity matrix;
GaussX has not prior assumption on covariance matrix;

LinLog assumes that different classes have the same covariance matrix;
QuadLog has not prior assumption on covariance matrix;

From the perspective of complexity:

QuadLog =GaussX > LinLog > Gaussl

The accuracy of MLE follows the same order.

The argument in e is not true in general, a larger product does not

necessarily imply a larger sum.

4.21 Gaussian decision boundaries*

[Need illustration here]

4.22 QDA with 3 classes™

This follows a straightforward calculation.

4.23 Scalar QDA*

This follows a straightforward calculation.
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5 Bayesian statistics

5.1 Proof that a mixture of conjugate priors is indeed

conjugate

For 5.69 and 5.70, formly:
p(6|D) = Zp (0,k|D) = Z (k|D)p(8]k, D)

Where:
p(k,D)  p(k)p(Dlk)

PkID) = 2By = S ok (D)

5.2 Optimal threshold on classification probability

The posterior loss expectation is given by:
p(i|z) Z L(§,y)p(ylz) = poL(,0) + p1L(3), 1)

:L(y7 1) +p0(L(ya 0) - L(?j? 1))

When two classficied result yield to the same loss:

Aot
Aot + Ao

Do =

Hence when pg > py, we estimete § = 0.

5.3 Reject option in classifiers

The posterior loss expectation is given by:

) =Y Lia, )p(cle)

Denote the class with max posterior confidence by ¢:

¢ = argmax {p(c|z)}

Now we have two applicable actions: a = ¢ or a = reject.

When a = ¢, the posterior loss expectation is:

= (1= plel)) - A,
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When reject, the posterior loss expectation is:
Preject = )\r
Thus the condition that we choose a = ¢ instead of reject is:

Pe Z preject

>

p(élr) > 1 -

>

5.4 More reject options*®

Straightforward calculation.

5.5 Newsvendor problem

By:

+o00
E(r Df(D)dD — C )dD + (P —C
Q) = / /(D Q/ (D e [ swap
We have:

—+oo

3GE(TIQ) = PQf(@-C / F(DID-CQIQIH(P=C) [ F(D)ND~(P-C1Qs(@

Set it to zero by making use of fo D)fD + f D)dD = 1:

5.6 Bayes factors and ROC curves*

Practise by yourself.

5.7 Bayes model averaging helps predictive accuracy

Expand both side of 5.127 and exchange the integral sequence:

E[L(A,p"M™)] = H(p"™*)
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We also have:
E[L(A,p™)] = Eppra [ log(p™)]
Substract the right side from the left side ends in:
~KL(p™™)p™) <0

Hence the left side is always smaller than the right side.

5.8 MLE and model selection for a 2d discrete distribu-

tion

The joint distribution p(z,y|61,602) is given by:

p(x =0,y =0) =(1—61)6
plz=0,y=1)=(1—061)(1 - 6)
p(z =1,y =0)=0,(1 —06.)
plx=1,y=1) =606,

Which can be concluded as:

p(@,y|01,02) = 07 (1 = 01) 76,77 (1 — g,) 71 (==v)

The MLE is:
N
Onir, = arg mgmx(z::llnp(ﬂfm Ynlf))
Hence:
1— 91 91 02
s, = arg max(N In(;— 92) +N, ln(q) + Nigr=y) In(7— % )

Two parameters can be estimated independently given X and Y.

We can further rewrite the joint distribution into:

Then
O = arg mglx(z NyyIno, )

zy
MLE can de done by using regularization condition.

The rest is straightforward algebra.
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5.9 Posterior median is optimal estimate under L1 loss

The posterior loss expectation is(where we have omitted D w.l.o.g):
p(a) —/Iy — alp(y)dy
a —+00
= / (a —y)p(y)dy + / (y — a)p(y)dy

o { [ v | - sty b~ [t + | T )y

Differentiate and we have:

%p(a) = {/a p(y)dy — /:00 p(y)} +2a-p(a) = 2a - p(a)

— 00

Set it to zero and:

/; p(y)dy = /;OO p(y) = %

5.10 Decision rule for trading off FPs and FNs

Given:

Lpn = cLpp
The critical condition for 5.115 is:

oy =1lz) _
p(y = 2[z)
Using:
ply =1|z) +ply =0[z) =1

We get the threshold %.
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6 Frequentist statistics™®

The philosophy behind this chapter is out of the scope of probabilistic
ML, you should be able to find solutions to the four listed problems in any
decent textbook on mathematics statistics.

GL.
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7 Linear regression

7.1 Behavior of training set error with increasing sample
size

When the training set is small at the beginning, the trained model
is over-fitted to the current data set, so the correct rate can be relatively
high. As the training set increases, the model has to learn to adapt to more
general-purpose parameters, thus reducing the overfitting effect laterally,
resulting in lower accuracy.

As pointed out in Section 7.5.4, increasing the training set is an impor-

tant method of countering over-fitting besides adding regulizer.

7.2 Multi-output linear regression

Straightforward calculation.

7.3 Centering and ridge regression

By rewriting x into (xT,1)" to eliminate wy, then NLL is given by:
NLL(w) = (y — Xw) (y — Xw) + \w'w

So:
o)
—NLL(w) = 2X"Xw — 2X"y + 2\w
ow
Therefore:

w=(X"X + )" 'X"y
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7.4 MLE for o2 for linear regression

Firstly, we give the likelihood:

p(D|W, Uz) :p(Y|W’ 027 X)

N
= Hp er’Xn)W 02)

n=1
N
H yn‘W Xn, 0 2)
N
1 1 T 9
 (2m02) % exp{ 202 nzl(yn W Xn) }

As for o2:

0 N 1 & T
9 —— logp(D|w,0?) = ﬁﬂLW;(yn—W Xn)

We have:
N

1
UI%/IL = N Z(yn - WTxn)2

n=1
7.5 MLE for the offset term in linear regression

NLL:
N

NLL(W, wO) (S8 Z(yn — Wo — WTxn)2

n=1

Differentiate with two parameters:

0
a—wONLL(W ,wp) o< —Nwg + nz:l - w'x,)

wOML—NZ —wix,) =9y —

n=1

Centering within X and y:
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The centered datasets have zero-mean, thus regression model have wg

as zero, by the same time:

WML = (XIXC)_:LX;ch

7.6 MLE for simple linear regression*

Using the conclusion from problem 7.5. What left is straightforward
algebra.

7.7 Sufficient statistics for online linear regression

Problem a and Problem bcan be solved according to hints.
For Problem c, substituting the z in hint by y yields to the conclusion.

In d we are to prove:
(n+1)CUT = nCW) + 2y 1yngr + nz™Wg™ — (n+ 1)z DG

Expand the C,, in two sides and use gntl) = z(n) 4 ﬁ(xnﬂ —z").

Problem e and Problem f: practice by yourself.

7.8 Bayesian linear regression in 1d with known o?

Problem a: practice by yourself.

For Problem b, choose the prior distribution:
L,
p(w) o< N (w10, 1) oc exp “o1

Reduce it into:
p(w) = N(w|wg, V) x

1. 1__ _
exp {—QVo,h(wo — woo)® — §V07§2(w1 —wo1)? = Vi 12(wo — woo) (wy — wm)}



7 LINEAR REGRESSION

Formly, we take:

wor =0
Vs =1
Vo, =0
Vo1, =0

woo =arbitrary

In problem c, we consider the posterior distribution for parameters:

N
p(w|D,o%) = N(w|mj, Vo) H N (yn|wo + wizp, 0%)

n=1
The coefficients for w? and w; in the exponential are:

11

2 202 2
n=1

1 N
n=1

Hence the posterior mean and variance are given by:

2
9 g

o et —
post 9 N 9
o + Zn:l In

N
1
E[wllDa 02] = Ugost(_g Z xn<w0 - y))
n=1

49

It can be noticed that accumulation of samples reduces the posterior

variance.

7.9 Generative model for linear regression

For sake of convinence, we consider a centered dataset(without chang-

ing symbols):
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By covariance’s definition:
Sxx =X'X
Syx =YX
Using the conclusion from section 4.3.1:
p(Y|X =1z) = N(Y|py|x, Ey|x)
Where:

Ly)x =y + SyxSxx (X —px) =Y ' X(X'X)"'X =w'X

7.10 Bayesian linear regression using the g-prior

Recall ridge regression model, where we have likelihood:

N
p(Dlw,0%) = [[ N (yalw"x,,0?)
n=1
The prior distribution is Gaussian-Inverse Gamma distribution:

p(W, 0’2) ZI\HC}(W7 O'QIW()7 Vo, agp, bo)
:N<W|W0, UZVO)IG(0'2|CL0, bo)
1 1

S |Uwoﬁexp{;(w - ) (0?Vi) (o = wa) -

ao

by 2\ —(ao+1) bo
T (ag) (c%) exXp =

= D bgo 1 (UQ)i(GOJr%Jrl) " €xp {_
(2m)2 [Vo|2T(ao)

(W — W())Tval(w — W()) —+ 2[)0
202

The posterior distribution takes the form:
p(w,0?|D) oxp(w,o?)p(Dlw, 0?)
bg°
08 D A 1
(2m) % [Vo|2I'(ao)
{_ (w —wo) TV (w — wo) + 2bg }

(0,2)7(a0+%+1).

exXp 952

(0*)~% -exp { Znea W — W) }

202
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Comparing the coefficient of o2

aN:a()'f'?

Comparing the coefficient of wlw:

N
Vil =Vt +) xxp = Vil +XTX

n=1

Comparing the coefficient of w:

N
Vilwy = Vilwo + Y yax,

n=1

Thus:
wy = Vn(Vyiwe + XTy)

Finally, comparing the constant term inside the exponential:
1
bN = bo + §(W3V51Wo + yTy — W%V]_VlWN)
We have obtained 7.70 to 7.73, which can be concluded into 7.69:

p(w,02|D) = NIG(W,O'2|WN,VN,CLN,bN)

o1
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8 Logistic regression

8.1 Spam classification using logistic regression*

Practice by yourself.

8.2 Spam classification using naive Bayes*

Practice by yourself.

8.3 Gradient and Hessian of log-likelihood for logistic re-

gression

9 (a) = exp(—a) 1 e
8a"\ " = (1+exp(—a))? 14+ealte o

=o(a)(1 —o(a))

AR
=2 gulvilog i+ (1—yi)log(1 — )]

n=1

1—

=Y wiso(l—0)—xi+ (- p)7 ol 0) ~x

N
=3 (o w"x,) - y)x,
For an arbitrary non-zero vectoru(with proper shape):
u"XTSXu = (Xu)'S(Xu)
Since S is positive definite, for arbitrary non-zero v:
vIiSv >0
Assume X is a full-rank matrix, Xu is not zero, thus:
(Xu)TS(Xu) = u"(X"SX)u >0

So X'SX is positive definite.



8 LOGISTIC REGRESSION 53

8.4 Gradient and Hessian of log-likelihood for multino-

mial logistic regression

By considering one independent component each time, the complexity

in form caused by tensor product is reduced. For a specific w*:

c=1

0
- Z Sw [y w* %, — log Zexp wix,))]
N

exp(w*Tx,,)
= § Ynx X, + C Xn
ot >

e=1 OXP(WE Xn)

tllﬁz

/an* yn*

Il
—

n

Combine the independent solutions for all classes into one matrix yield
8.38.

On soloving for Hessian matrix, consider to take gradient w.r.t w; and

6 N
Hi s = Vo, Ve, NLL(W) = —— > " (stn1 = Yn1)Xa
8W2 el

When w; and wy are the same vector:

N

aavvl T;(Mnl ynl Z a Mnlx

N
_ Z exp(wix,)(> exp)x, — exp(w]x,)?x, T

= (2_exp)? "
N
= Z ,unl(l - ,Unl)XnXE

n=1

When w; and w, are different:

i T i —exp(wWix,)exp(Wix, )X,
R a— x
ow, n:lu o (> exp)? "

n=1

— E T
- _an,un2xnxn
n=1

Ends in 8.44.
The condition ) y,. =1 is used from 8.34 to 8.35.
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8.5 Symmetric version of 12 regularized multinomial lo-

gistic regression

Adding a regularizer equals doing a posterior estimationg, which equals
introducing a languarge multipler for a new constraint. In this problem a
Gaussian prior distribution with a homogeneous diagonal matrix is intro-
duced, this leads to the constraint w.; = 0.

At optima, the gradient in 8.47 goes to zero. Assume that fi.; = y.;,
then g(W) = 0. The extra regularization is A Zil w. = 0, which equals D

independent linear constraints, with form of: for j = 1...D, chzl We; = 0.

8.6 Elementary properties of 12 regularized logistic re-
gression

The first term of J(w)’s Hessian is positive definite(8.7), the second

term’s Hessian is positive definite as well(A > 0). Therefore this function

has a positive definite Hessian, it has a global optimum.

The form of posterior distribution takes:
p(w|D) ocp(Dlw)p(w)
p(w) =N (w]0,07°T)
NLL(w) = — log p(w|D)

1
= —logp(D|w) + T‘QWTW +ec
Therefore:
1
T 202

The number of zero in global optimun is related to the value of A, which
is in a negative correlationship with the prior uncertainty of w. The less
the uncertainty is, the more that w converges to zero, which ends in more
Zeros in answer.

If A = 0, which implies prior uncertainty goes to infnity. Then posterior
estimation converges to MLE. As long as there is no constraint on w, it is
possible that some component of w goes to infinity.

When A increase, the prior uncertainty reduces, hence the over-fitting

effect reduces. Generally this implide a decrease on training-set accuracy.
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At the same time, this also increases the accuracy of model on test-set, but

it does not always happen.

8.7 Regularizing separate terms in 2d logistic regression*

Practice by yourself.
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9 Generalized linear models and the

exponential family

9.1 Conjugate prior for univariate (Gaussian in exponen-

tial family form

The 1d Gaussian distribution is:

1 1
N(z|p, o) = WGXP{—M(QC - M)Q}

Rewrite it into:
1 1 p?  In(2mo?)
2\ 2
p(.’IJ‘/J:,O' )—exp{wx +02${M+2

Denote § = (=3, )", A(9) = /\T’f + @ — A g(z) = (22,2)".
Consider the likelihood with datasetD:

log p(D|0) = exp {HT(Z ¢(2n)) — N - A(9)}

n=1

According to the meaning of prior distribution, we set a observation
background in order to define a prior distribution. The sufficient statistics
is the only thing matters by the form of exponential family. Assume that
we have M prior observations. The mean of them and their square are v,

and v, respectively, then the prior distribution takes the form:
p(0|M,v1,v2) =exp {61 - Mvy + 65 - Mvy — M - A(6)}

M M M
:exp{—;\le + AuMuvy — ?)\uz — ?1n27r—|— 21n)\}

It has three independent parameters. We are to prove that is equals
plp, A) = N (uly, m)(}amma()\\a, B). Expand it into exponential form

and ignore the terms independent with u, A:

p(p, A) =exp {(a —1)In A — BA— A(QO;— 1)u2 B >\(2a2— 1)72}

1
- exp {A(Qoz — Dy + B In /\}
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Compare the coefficients for A\u?, Ay, A, In \, we obtain:
(2a— 1) M

22
v(2a — 1) =M,
200 — 1 1
( 2 ) 2 IB - _ 5]\4,01
1 M
1)+ ==
Combining them ends in:
M+1
o =
2
M
:7(93 +v1)
Y =2

Thus two distributions are equal with naive change of variables’ names.

9.2 The MVN is in the exponential family

Here you can find a comprehensive solution:

https://stats.stackexchange.com/questions/231714/sufficient-statistic-for-multivari


https://stats.stackexchange.com/questions/231714/sufficient-statistic-for-multivariate-normal
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10 Directed graphical models(Bayes nets)
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11 Mixture models and the EM algorithm

11.1 Student T as infinite mixture of Gaussian

The 1d Student-t distribution takes the form:

M( 1 )3 (1 M)JH

St 20) = 5
<$|'LL,O' 7U) F(%) 777]0'2 UU2
Consider the left side of 11.61:
2
/N(xu, %)Gamma(z%, g)dz

\/% exp {—;7 x — M)Q} ;12)()7;) z2 texp {—gz} dz

~ gt [+ 7 oo { -G+ e

The integrated function is the terms related to z in Gamma distribution

Gamma/(z|“5t, (mz;’;)Q + 5), which gives to the normalized term’s inverse.
bt v (z—p)? vt (@—p)? v e
/Z 2 eXp{(2+O_2)Z}dZ—F( 2 )( 20_2 +§) 2

Plug in can derive 11.61.

11.2 EM for mixture of Gaussians

We are to optimize:

Q(Q 90[d> E (2| D,6°14) Zlog Xnazn|0)]

n=1
N K
:ZEIOgH TP Xn|Zk7 )an]
n=1 k=1
N K
= Z Z Tk log(mrp(xn| 2k, 0))
n=1 k=1

Where:

Tnk = P(an - 1|Xna GOId)
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When the emission distribution p(x|z, ) is Gaussian, consider the terms

involvepy, in Q(6,0°'9) first:

Zrnk log p(x, |2k, 0) Zrnk - - uk)TE_l(Xn —pg) +C

n=1

Setting the derivative to zero results in:

N
Zrnk(ﬂk, - Xn) =0
n=1

And we obtain 11.31:

N
Zn:l TnkXn
N
Zn:l Tnk

old):

He =

For terms involve ¥ in Q(6, 6

2

N

ZTnklogp Xn|zkt) ZTTLk} - s 10g|zk|+(xn :uk?)TE ( /’Lk))+c

n=1 n=1

Using the same way as in 4.1.3.1:

L(E_l = A) = (Z Tnk) log |A‘ —tr {(Z rnk(x -

The balance condition is:

N N
(Z rnk)AiT = Z Tnk(xn - ,u'k)(xn - Nk)T
n=1 n=1

Obtain 11.32:
N
Zn:l Tﬂ"u‘(xn — /Jk>(xn - Nk)T
Zgzl T'nk

S =

11.3 EM for mixtures of Bernoullis

During the MLE for mixtures of Bernoullis, consider(

number of potential elements):

'ukjnlkl n=1

al 1
= E TnkTnj
n=1 Mk]

- Mk)T)A}

D = 2 marks the

D
ernk log p(x, 6, k) = Zrnkai(za:m l0g fux:)
I



11 MIXTURE MODELS AND THE EM ALGORITHM 61

Introduce a multipler to constrain ) jHkg =1, then condition for the

derivative to be zero is:

ZN— €z
n=1 Tnk nj
Mij = —— v

Summer over all j:

D 1 2N 1N D ZN ,
n— nk
S ) I S
j=1 j=1n=1 n=1 j=1
Results in:

N
A= E Tnk
n=1

Hence 11.116-

Introduce a prior:
~1 B-1
P(pro) Ko /~L£1
The zero-derivative condition becomes:

N
Y omeg TnkTno + — 1

Hio = b\
_ Zﬁf:l TnkTnl + B -1
Hr1 \

And:

N
1
1= pigo + pp1 = X(Zrnk($n0+$n1)+a+ﬁ*2)

n=1

N
)\:Zrnk+a+6—2
n=1

Hence 11.117,

11.4 EM for mixture of Student distributions

The log-likelihood for complete data set is:

by AA
le(x, z) =log(N (x|u, ;)Gamma(zb, 5))

D | D
= — Zlog(2r) — = log [T + 21
 log(27) — L log |3/ + 2 log(2)
z _
—5x =)= (x—p)
v

+ 5 log(3) ~ log(I(5

. )+ (5~ Dlog(z) - 32
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Sum the terms involving v:
v v v v
1%, 2) = 5 log(5) — log(T(5)) + & (log(=) — 2)
The likelihood w.r.t v on complete data set is:

N

Ly = 2 log(3) — Nlog(T(5)) + 3 Y ~(log(zn) — z)

n=1
Setting derivative to zero gives:

VI(2) v, SN (log(zn) — 2n)
o) —1- log(i) = ~

For p and X:
1 z Ty-1
bs(%,2) = =3 log |5 — = (x— ) ™8 (x — )
N
N 1 _
LH,E = E log |Z| - 5 Zzn(xn - M)TE I(Xn - M)
n=1
Hence equals the MLE used for MVN.

11.5 Gradient descent for fitting GMM

From the given information:

p(x]0) = Z?TkN X| g, L)

N
= logp(x,|0)
n=1

Deriavte w.r.t pu:

:i TN (% |ty ) Vi { =5 (%0 — 1) "S5 (%0 — k) }
a“k ot Sy Tar N (K| e, i)
N
Z nkE Mk)
w.r.t m:

N

Xn‘ukaz) _ 1 =
Z 7777]@712:17“”]6

k/ 1 ﬂ-k’N(Xn|uk/ Ek’
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Using Languarge multipler ends in:

N
T = Zn:l T'nk
A
Sum over k and normalize:
N
T = Zn:l T'nk
N
For X;:
(9 (9) :i kaZkN(Xn|ﬂk>Zk)
%, n=1 Zg:l Wk’N(Xnmk’v Ek’)
Where:

1 1 1 _
Vsz(XWm k) :Wm €Xp {—2(X - Mk)TEk 1(X - Mk)} Vs,

{506 )T - ) - 50, 5

=N (x| ik, X))V (log N (x| g, X))
Thus we have:

N
Zn:l Tnk(xn - Mk)(xn - Mk)T

Y =
Zr]jzl T'nk

11.6 EM for a finite scale mixture of Gaussians

J and K are independent, using Bayes’ rules(we have omitted 6 in

condition w.l.o.g):

p(Jn =73, K, =k, xn)
p(In)
(= §)p(K, = k)p(x,|J, = j, K, = k)
- > gt Py Koy )
— ijkN(fEnWjan)
> 1 Z;nzl P, i, N (@i, 0% )
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Derive the form of auxiliary fucntion Q (67", §°'4)

N
QO™ 0°%) =Egura > 1og plrn, Ju, K 07)

n=1

N m 1
= 2 Blog([] T plon Jn, Koo)'=

j=1k=1
m
DR WLE
=1 k=1

= Z rjelogpy + > rjploggr + Y Tk log N (|, 07)

= k))(log p; + log gy, + log N (|15, 07))

IIMZ |

<.

n,j,k n,j,k njk

We are to optimize parameters p, g, i, 2. It is noticealbe that p and ¢

can be optimized independently. Now fix 0 and optimize u

5‘ Z TN ( xn‘ﬂ]vak Zrnjkvuk/\[<xn|ﬂjval€)
Hi n,j’'k n,k
=D ok N (@alpg, o) =

n,k k

And we ends in:

Q‘ii

z-m"—‘ >3

Zn k TanN(onJ? Jk)
/‘I" =
’ Zn g TngeN (T |15, 01%)

11.7 Manual calculation of the M step for a GMM*

Practise by yourself.

11.8 Moments of a mixture of Gaussians

For the expectation of mixture distribution:

E(x) / ZﬂkN X| oy g )dx
_Zﬂ'k {/X./\[ X|Mk72k dX}
:Zﬂkﬂk

&
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Using cov(x) = E(xx") — E(x)E(x)T, we have:
E(xx") —/XXT Zwk]\/(xmk, Yp)dx
k
“Ym / X" (x| g, i)l
k
Where:

/XXTN(X/J,k,Ek)dX :EN(,%gk)(xxT)

=COVAN (g, 2) (X) + EN(ALk,Zk) (X)EN(IUmEk) (X)T

=%k + e

Therefore:

cov(x) = 3 mu(Se + i) — EGE(x)T
k

11.9 K-means clustering by hand*

Practise by yourself.

11.10 Deriving the K-means cost function

For every term sum over k, apply 11.134 onto the inner and outer sum

process:
Z Z (QL',' — :L'i/)z = Z ’I’Lk82 + nk(fk — (Ei)z
iizi=k iz =k iizi=k
=nis® + ny(ngs?)

:27’LkSk
The right side of 11.131 equals to sum over k:

ne > (w5 — 2k)? = e (nes® + n(d, — &)

112y =

Thus 11.131.
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11.11 Visible mixtures of Gaussians are in exponential

family

Encode latent variable with hot-pot code, z. = I(x is generated from

the ¢ distribution), then(omit # in condition w.l.0.g):

p<:c|z>=£11< T 0P|

The log for joint distribution is:

1
logp(z,z) =lo expys ———(z — CQ}ZC
p(s,7) gHW p{=gste =

¢ 1
- cl c = 1 2 c
;Z(ng og 2mo ~ 5o2(® — pe)?)

—1 C

Which is a sum of some inner products, hence an exponential family.The

sufficient statics are linear combinations of z, zz and zx?.

11.12 EM for robust linear regression with a Student t
likelihood

Using the complete data likelihood w.r.t pu derived in 11.4.5:

N
LN (,u Z yn W Xn)2

Set the deriavte to zero:

This means:

N N
= (D 2aynxi) (D zaxnx) !
n=1 n=1
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11.13 EM for EB estimation of Gaussian shrinkage model
For every j, 5.90 takes different forms(this equals E-step):
p(:fl|u7 t27 02) = N(‘i]‘uﬂ t2 + 0-]2)

Integrate out 0;, the marginal likelihood is given by:

D D
_ 1 _
log [ [ N (z)lp, 1 + o) = (—3) Y log2m(t’ + 0F) + (Z; — p)?

12 + o2
j=1 j=1 i

Then we optimize respectively(this equals M-step):

S e
. j=1 t2+012
S S

j=1 t2+n'J2.

t? satisfies:

i (£ +0°) — (T; — p)°

@+

j=1
11.14 EM for censored linear regression*

Unsolved.

11.15 Posterior mean and variance of a truncated Gaus-

sian

We denote A = “—F+, for mean:

Elzi|z: > ¢;] = pi + oEleile; > A
And we have:

Eleife; = ———= N (e]0,1)de = ———~— = H(A
eile p(€i2A>/A N(al0 Vde = g 7y = H(A)
In the last step we use 11.141 and 11.139, plug it up:

Elzi|zi > ¢;] = pi + o H(A)

Now to calculate the expectation for square term:

E[2?|z; > ¢;] = u + 2ui0E[e;|e; > Al + o*E[e2|e; > A]
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To address E[e?|e; > A], expand the hint from question:

%(wN(wH), 1)) = M (w|0, 1) — w2 (w]0,1)
We have:

/C w? N (w]0, 1)dw = ®(c) — ®(b) — c- N(c|0,1) +b- N (b]0,1)
b

Ele;le; > A] =

1 tee 1—®(A) + Ap(A)